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Cohomology

For each space X, one can define a cohomology ring H*(X). For the moment,
we will just list some properties of these rings (Eilenberg-Steenrod axioms).

1. H"‘(X) is a graded ring. For each integer j > 0 we have an abelian group
H/(X), and any pair of elements a € H/(X) and b € H*(X) have a
product ab € H™%(X). This multiplication is associative and distributes
over addition. It is commutative in the graded sense: ba = (—1Y*ab.
(We also put H/(X) =0 for j < 0.)

2. H*(X) is contravariantly functorial in X: for any continuous map
f: X — Y we have a ring homomorphism f*: H*(Y) — H*(X). If we
have another map g: Y — Z then (gf)" = f*g": H"(Z) — H*(X); also
].j( = ]-H*(X)'

3. H*(X) is homotopy invariant: given a continuous family of maps
fi: X = Y (for 0 <t < 1) we have fy' = *: H*(Y) — H*(X). (The
family is a homotopy; the maps fy and f; are homotopic.)

4. H*(point) = H°(point) = Z.

5. Excision and Mayer-Vietoris axioms (explained later).

These properties characterise H*(X) uniquely.

Some theorems

» If n # m then R" is not homeomorphic to R™.
> Put

S0; = {3 x 3rotation matrices} = {A € M3(R) | AA” = I, det(A) = 1}
P = {trace 1 projectors in R*} = {A € My(R) | AT = A’ = A, trace(A) = 1}
53 = the 3-sphere = {x e RrR* | CHxE+xE 4+ = 1}

RP*=5%/~  where u~viffv==Hu

Then SOs, P and RP? are homeomorphic to each other but not to S3.

» The Fundamental Theorem of Algebra: if f(z) € C[z] is a nonconstant
polynomial, then it has a root.

» The Brouwer Fixed Point Theorem: if f: [0,1]" — [0,1]" is continuous,
then there is a fixed point x € [0, 1]" with f(x) = x.

» The Borsuk-Ulam Theorem: if n > m then there is no continuous map
f: 8" — S™ with f(—x) = —f(x) for all x € S".

A key method for proving these results is the theory of cohomology rings.

Examples of cohomology rings

Example

H*(S") is the free abelian group generated by 1 € H°(S") and an element
up € H"(S"). The ring structure is given by u? = 0 (if n > 0).

Example

Suppose we have distinct points ai,...,a, € C and put M =C\ {a1,...,an}.
Define fi: M — S* by fi(z) = (z — a1)/|z — ai| and put v; = £* ().

Then H*(M) is the free abelian group generated by 1 € H°M and

Vi,...,Vm € H'M. The ring structure is given by v;v; = 0 for all /.

Example

Put F,C={z € C" |z # z for i # j}.

Given i # j € {1,..., n} we define f;: F,C — S* by f;(2) = (z — z)/|z — z,
and put aj = ffu1. Then H*(F,C) is freely generated by the elements aj
modulo relations a; = aji and a,-Qj = 0 and ajajx + ajaw + axia; = 0 for all

i,j, k. One can also give a basis for this ring as a free abelian group.



The group H°(X)

» The points of a space X can be grouped into path components, where x
and y lie in the same path component iff there is a continuous path
s:[0,1] — X with s(0) = x and s(1) = y.

> We write mo(X) for the set of path components in X.

> We write Map(mo(X),Z) for the set of functions from mo(X) to Z. This is
a ring under pointwise addition and multiplication. For example, if X has
three path components, then Map(mo(X),Z) ~Z X Z X Z.

> It works out that H°(X) is always isomorphic to Map(mo(X),Z). For
example, in the common case where X is path-connected, we just have
H(X) =12.

> If X has the discrete topology, then m(X) = X so H°(X) = Map(X, Z).
In this case it can be shown that H"(X) = 0 for all n # 0.

Cochain complexes and differential graded rings

> A cochain complex is a system of abelian groups U (for i € Z) equipped
with homomorphisms d: U’ — U™*! such that each composite
Uit 4 i 4 it

is zero (or more briefly, d* = 0). _
In almost all cases we will have U' =0 for i < 0.

» A differential graded ring is a cochain complex A* together with an
element 1 € A% and a multiplication rule giving ab € A™ for all a € A’
and b € A, such that:

la=a=alforallac A
a(bc) = (ab)c forallac A, be A, c € A
alb+c)=ab+acforallac A, bce A
(a+b)c=ac+bcforalla,bec A, ce A
d(1)=0
d(ab) = d(a)b+ (—1)'ad(b) forallac A", be A

The last relation is called the Leibniz rule.

Steps to define H*(X)

We will
» Define what we mean by a cochain complex
» Define what we mean by a graded ring

» Define what we mean by a differential graded ring: a cochain complex
with compatible graded ring structure

» Define the cohomology of a cochain complex, and show that the
cohomology of a DGR is a graded ring

» For each topological space X define a differential graded ring C*(X),
called the singular cochain complex of X

» Define H*(X) to be the cohomology of C*(X).

Cohomology of a cochain complex

» Let A* be a cochain complex. For i € Z we put
Z'(A") =ker(d: A" — ATH) < A" (group of cocycles)
B'(A*) =img(d: A7 - A) < A (group of coboundaries)
> As d® = 0 we have d(B(A*)) = 0 and so B'(A*) < Z'(A*).
It is therefore meaningful to define H'(A") = Z'(A*)/B'(A").
Elements of H'(X) are cosets [z] = z 4+ B'(X), called cohomology classes.
> If A" is clear from the context, we will just write Z', B" and H' instead of
Z/(A%), B'(A*) and H'(A").
> We write Z* for the sequence of groups Z', and similarly for B* and H*.

> Now let A* be a DGR. Using the Leibniz rule d(ab) = d(a)b £ ad(b) we
find that Z* is a subring of A* and that B is an ideal in Z*.

> It follows that H*(A*) has an induced ring structure with [z][w] = [zw] for
zeZ"andwe Z".

> Example: A* = Z[x] ® Z[x]a with d(a) = x so d(x") = 0, d(x"a) = x"**.
1% ar— x - 2oxa—sx2 % x2a— x°

Z2+1 = B2+l — 0 and 7% = B?** = Zx* except Z° = Z and B®° = 0.
Thus H°(A*) = Z and H"(A*) = 0 for n # 0.



Simplices Singular cochains

» The standard n-simplex is the space > Define C¥(X) = Map(Sk(X),Z) (the set of all functions from Sx(X) to Z).
> So(X) = X so C°(X) = Map(X,Z)

(the set of all maps X — Z, no continuity requirement)

(This is a commutative ring under pointwise addition and multiplication)

A" ={(x0,...,x) ER™ [ x; > 0forall iand > x =1}

i

The vertices of A, are just the standard basis vectors ey, ..., €, s0 > Si(X) is the set of paths in X, so C'(X) is the set of functions from paths
e =(1,0,...,0) and e, = (0,1,0,...,0) and e, = (0,...,0,1). to integers.
> A°is a point, Al is an interval, A% is a triangle, A% is a tetrahedron > We define d: C°(X) — C(X) by d(f)(u) = f(u(1)) — £(u(0)) for

f e C%X) and u: [0,1] — X.
» More detail:
> fc CO%X)sof: X —7Z.
> We need to define d(f) € C1(X) = Map(S1(X),Z),
so for u € 51(X) we need to define d(f)(u) € Z.
» Here u: [0,1] — X so u(0),u(1) € X.
> As f: X — Z we have f(u(0)), f(u(1)) € Z.

> We put d(f)(u) = f(u(1)) — f(u(0)).
> We always identify (1 —t,t) € A' with t € [0,1], so &g ~ 0 and e; ~ 1. > For k < 0 we define 5,(X) =0 and C*(X) =0 and

d=0: C"(X) = C"(X).
> We define Si(X) = Cont(A*, X), the set of continuous maps A* — X. . ( ) . X il
As A° = point we can identify So(X) with X. > We will define d: C*(X) — C*"'(X) for k > 0 later.

As A' = [0,1] we can identify S;(X) with the set of paths in X.
Loosely: S»(X) is the set of triangles in X.

Zeroth cohomology Face maps
> HY(X) = Z°(X)/B°(X). » For 0 < i < n we define §;: A,_1 — A, by inserting 0 in position i:
> BO(X) = img(d =0: Cil(x) =0— CO(X))r (5,‘([‘07 cey t,,_1) = (to, o tic, 00t t‘n_1).

so B(X) =0, so H°(X) = Z°(X).

> Z%(X) = ker(d: C°(X) — CY(X)) = {f € Map(X,Z) | d(f) = 0}.

» For a path u: [0,1] — X we have d(f)(u) = f(u(1)) — f(u(0)),
so d(f) = 0 iff f(u(1)) = f(u(0)) for all paths u.

> In other words, H°(X) = Z°(X) is the set of maps f: X — Z such that do(to, t1) = (0, to, t1) 01(to, t1) = (0,0, t1) 02(to, t1) = (to, t1,0).
f(x) = f(y) whenever x and y can be connected by a path in X.

» This is the inclusion of the face opposite ¢;.
> Forn=2:

€

> In other words, H°(X) is the set of maps f: X — Z that are constant on

each path component.
» Thus, if mo(X) is the set of path components, then

HO(X) — Map(’/To(X),Z). 52(A1) 51(A1)
» X is path connected if it is nonempty and any two points can be joined by

a path. If so, then |mo(X)| = 1 and H°(X) is just the set of constant

functions X — Z so H°(X) ~ Z. y >

€1 €2
do(A1)

> For n = 1: the maps &, d1: A” = {&} — A are given by
do(en) = e1 and d1(en) = ep.



The differential

We define d: C*(X) — C*™(X) by

k+1

d(f)(v) =D (-1)'f(vod).

i=0

In more detail:

| 4

|

f is assumed to be an element of the group C¥(X) = Map(Sk(X),Z), so
for each u € Sk(X) we have an integer f(u).

d(f) is supposed to be an element of the group
C*(X) = Map(Sk+1(X), Z), so for each element v € Si1(X) we need
to define the element d(f)(v) € Z.

So suppose we have v € Sxy1(X), i.e. v is a continuous map A ! — X,
For 0 < i < k + 1 we have a face map d;: Ax — Aky1, which we can
compose with v to get a continuous map v o 8;: A¥ — X, or in other
words an element v o §; € S¢(X).

As f: Sk(X) — Z, we therefore have an integer f(v o ;) € Z.

We define d(f)(v) to be the alternating sum of the above integers, i.e.

d(F)(v) = Ly (~1)'F(v o d).

Cohomology of discrete spaces

Claim: if X is discrete then H°(X) = Map(X, Z) but H*(X) = 0 for k # 0.
Put A = Map(X,Z). As X is discrete, any continuous map u: Ay — X is
constant, so Sx(X) ~ X and C*¥(X) = Map(Sk(X),Z) ~ A.

If u: Ayy1 — X is constant with value x, then uvodi: Ay — X is also
constant, with the same value.

The formula for d: C¥(X) = A — A = C*"(X) just becomes

k+1

d(f)(x) = Z(—l)if(X)-

If k is even: all terms cancel out in pairs, giving d(f)(x) = 0.
If k is odd: there is one term left over, giving d(f)(x) = f(x).
Thus, the full sequence of groups C¥(X) and homomorphisms d looks like

5050 C0X) =ASAL A AL A

For k < 0 we have Z¥ = B = C¥(X) = 0 so H*(0) = 0.

Z°=Abut B =0s0 H'(X) = Z°/B° = A/0 = A = Map(X, Z).

For k > 0, if k is even we have Z¥ = BX = A and if k is odd we have
Z¥ = B* = 0. In both cases we have Z* = B* so H*(X) = Z¥/B* = 0.

The face relation

>
>

Claim: If 0 <j < i < k then §;0; = 6;410;: A" — A — AL
Example: 6203 = 0462 A% — A%
0 1 2 3 4 5 6
0(t)=(t, t, 0, t, t3, )
0a(02(t)) =(to, t, 0, t, 0, 3, ta)
03(t) =(to, t, t, 0, t3, ta)
02(03(t)) =(to, t1, 0, t, 0, 3, ta)

Claim: the composite C*71(X) 4, ck(X) 4, C*(X) is zero.

By definition, for f € C*7(X) and u € Sk;1(X) we have
k+1 ) k+1 k o
d*(F)(u) = Y (=1)'d(F)(ud)) = > > (1) F(ud;r).
j=0 j=0 i=0

The relation 9;0; = di4+1d; shows that some terms are the same.

The +1 ensures that matching terms have opposite signs and so cancel.
With more care we can see that there is nothing left, so d*(f)(u) = 0.
Thus: C*(X) is a cochain complex, and we can define

Z¥(X) = ker(d: C*(X) = C**}(X)) and

B¥(X) = img(d: C*1(X) — C*(X)) and H*(X) = Z¥(X)/B*(X).

The cup product

vVvyvVvyyvYyy

v

Given f € C"(X) and g € C™(X) we need to define fg € C"™(X).

Here C"™™(X) = Map(Ss+m(X),Z) and S,m(X) is the set of continuous
maps w: A" — X, so for each such w we must define (fg)(w) € Z.
Define A" 25 A™™ LA™ by

Alx0y -y %) = (X05 -, X0, 0,...,0) (Yo, ¥m) =1(0,...,0,%,...,¥m)-

Now wA: A, — X so wA € 5,(X) so f(w}) € Z.

Also wp: Ap — X so wp € 5,(X) so g(wp) € Z.

We define (fg)(w) = f(wX) g(wp) € Z.

We also define 1 € C°(X) = Map(X,Z) to be constant with value 1.

These definitions make C*(X) into a differential graded ring:
multiplication is distributive and associative with 1 as a two-sided unit,
and d(1) =0, and d(fg) = d(f)g + (—1)"f d(g).

The proof is an exercise.

> As discussed previously, there is an induced ring structure on H*(X).

H*(X) is graded-commutative even though C*(X) is not.
The proof is harder, to be discussed later.



Functoriality

|

| 2

>

A cochain map between cochain complexes U* and V* is a system of
homomorphisms ¢: U" — V" with d¢ = ¢d: U" — V"1

For such ¢, we see that ¢(Z"(U*)) < Z"(V*) and ¢(B"(U*)) < B"(V*)
so we have an induced homomorphism H"(¢): H"(U*) — H"(V™*).

This is functorial: H"(1) =1 and H"(¢¢) = H"(y))H"(¢) for cochain

Ve owe

If U* and V* are DGRs: a DGR morphism is a cochain map that also
preserves products. For such ¢, the induced map

H*(¢): H*(U*) — H*(V™") is a graded ring homomorphism.

Now let p: X — Y be a continuous map. For f e C"(Y) and

u € S5,(X) = Cont(A", X) we have pu € Cont(A",Y) = S,(Y) and so
f(pu) € Z. We define p*(f) € C"(X) by p*(f)(u) = f(pu).

Using po (uod;) = (pou)od;, we see that p*(d(f)) = d(p*(f)) in
C™(X). Thus, p* is a cochain map.

Using po(woX)=(pow)oXand po(wop)=(pow)op, we see that
p*(fg) = p*(f)p*(g) in C"*™(X). Thus, p* is a morphism of DGRs, and
so induces a graded ring homomorphism H*(Y) — H*(X), which we also
call p*.

maps U* 2,

Topological homotopy

|

Homotopy is compatible with composition. In detail, if X LNV LN 4
and we have homotopies F: fy ~ f; and G: go =~ gi, then we can define
K: gofo ~ gifi by K(t,x) = G(t, F(t,x)).

We write [X, Y] = Cont(X, Y)/ ~ for the set of homotopy classes.
Example: for S' = {z € C | |z| = 1}, every f: S' — S' is homotopic to
pn(2z) = 2" for a unique n € Z, so [S*,S']| ~ Z

There is a well-defined composition [Y, Z] x [X, Y] — [X, Z] and thus a
category hTop of spaces and homotopy classes of maps.

Maps X LY & Zare homotopy inverse if gf ~ 1x and fg ~ 1y,

i.e. [g] is inverse to [f] in hTop.

Say f: X — Y is a homotopy equivalence if it has a homotopy inverse,
i.e. it becomes an isomorphism in hTop.

Say X and Y are homotopy equivalent if there is a homotopy equivalence
f: X—=Y,ie XY inhTop.

Example: define "' 5 R"\ {0} & S by i(x) = x and r(y) = y/|lyll.
Define F: [0,1] x (R"\ {0}) — R"\ {0} by F(t,y) = [yl "y

Then pi=1and F: 1~ ipso i and p are mutually inverse homotopy
equivalences, and S""* and R" \ {0} are homotopy equivalent spaces.

Topological homotopy

>

| 2
>

A homotopy between continuous maps fo, fi: X — Y is a continuous map
F:[0,1] x X — Y with F(0,x) = fo(x) and F(1,x) = fi(x) for all x € X.
We say that fy and fi are homotopic if such a homotopy exists.

Exercise: this is an equivalence relation (written fo ~ f1).
Key point: given homotopies Fo: fo ~ f; and F1: fi ~ f, we can put

Flt0) = {F0(2t, X)

<
F(2t—1,x) ifi<t<

Example: we can define f: S" — S" by f(x) = —x.

If n=2m —1then S" = {z € C" | ||z|| = 1} and we can define

F:1sn >~ f by F(t,z) =e™z.

If nis even then cohomology shows that 1sn 2 f.

We can define p,: S' = {z € C | |z| =1} — S by pa(z) = 2"

Fact: any f: S' — S' is homotopic to p, for a unique n.

F(t,x) = (1 — t)f(x) + t fi(x) gives a linear homotopy fo ~ fi only if

Y C R" and the line segment from fy(x) to fi(x) is always contained in Y.
Say Y C RV is convex if Y # () and every segment with endpoints in Y is
contained in Y. If so, all maps X — Y are homotopic.

Contractible spaces

>
| 4

Say X is contractible iff it is homotopy equivalent to 1 = {0}.

Exercise: X is contractible iff X £ () and 1: X — X is homotopic to a
constant map.

Exercise: any contractible space is path-connected.

Example: any convex subset of R" is contractible, and any space
homeomorphic to a contractible space is contractible.

“ ~

convex

contractible, but not convex not contractible

The following spaces are convex and so contractible: R", B", A", [0, 1]".

Slogan: in homotopy theory, a contractible space of choices is as good as
a unique choice.



Cochain homotopy

> Let ¢,¢': U* — V* be cochain maps. A chain homotopy from ¢ to ¢’ is

a system of homomorphisms o: U" — V"~ ! with do + od = ¢’ — ¢. We
say that ¢ and ¢’ are chain homotopic if such a chain homotopy exists.

Exercise: this is an equivalence relation (written ¢ ~ ¢').
Exercise: this relation is compatible with composition:

iF U 2% v 2 W and o ¢~ ¢ and 7: 9 = ' then
Yo +7¢": Yo =Y

Claim: if 0: ¢ ~ ¢’ then H*(¢) = H*(¢'): H*(U*) — H*(V*).
Proof: consider an element z € Z"(U*) (so d(z) = 0). Then

H(¢')([2]) = H'(¢)([2]) = [¢(2)] = [¢(2)] = [(¢' — 4)(2)] =

[d(o(2)) + o(d(2))] = [d(-) + 0] = 0.

Proposition: a topological homotopy F: [0,1] X X — Y from f, to fi gives
a chain homotopy between fy", i: C*(Y) — C*(X), so

5= H(Y) = H*(X).

Core of proof: divide [0,1] x A" into copies of A", and think about the
boundary of this space.

Corollary: if X is homotopy equivalent to Y, then H*(X) ~ H*(Y).

Example: if X is contractible then H"(X) = 0 except H°(X) =

Exact sequences

A sequence A % B L, Cis exact if img(a) = ker(8) (implies B = 0)
The sequence is short exact if also « is injective and (3 is surjective.
A% B Cis exact iff a is surjective; so

A% B — 0 is exact iff « is surjective.

A% B2 Cis exact iff [ is injective; so

0— B2 Cis exact iff B is injective.

A% B L €% Dis exact iff [ is an isomorphism; so

0= B2 €= 0is exact iff [ is an isomorphism.
AgB&CisexactifFB:O; so 0 —+ B — 0 is exact iff B = 0.

A cochain complex U* = (- - U2 s U5 U - U' - U? — ---)
is exact iff H*(U*) =

Split short exact sequence:

AL A® B 2 B with i(a) = (a,0) and p(a, b) = b.

There is a short exact sequence Z/n iR Z/nm 2 Z/m

with i(a (mod n)) = am (mod nm) and p(a (mod nm)) = a (mod m).
This is split iff n and m are coprime.

For N <M, N»mcs p Py M/N is short exact.

If A2 B 25 Cis short exact then A ~ a(A) < B and B/a(A) ~ C so
|B| = |AllB.

The Mayer-Vietoris context

>
>

Consider a space X with open subsets U, V C X.
How are H*(U), H*(V), H*(UU V) and H*(UN V) related?

unv ———u H*(UN V) +=— H*(U)

A T R

V—— UuVv H (V) +—— H*(UU V)

[‘/(:} Li* =j*]

H=Yunv) —& 5 i uv) —C2s Hrw) x HY(V) LS mnun v) — 2 B (U U V)

There is a non-obvious map § extending the diagram as shown,
and this makes the sequence exact,
i.e. the image of each map is the kernel of the next.

Also: we have a ring map o = (ki)* = (j)*: H*(UU V) — H*(UN V), and
d(a(a)b) = (—1)"a d(b) for ac H'(UU V) and be H"(UN V).

The Snake Lemma

|

|

Let U* 5> V* 2 W* be a SES of cochain complexes and chain maps
(so d*> = 0; di = id and dp = pd; img(i) = ker(p); i injective, p surjective)
Claim: there are maps §: H"(W*) — H"*'(U*) giving an exact sequence

= H7TY W) S H(UT) B HY(VE) B (W) S U

Idea: § = itdp™t = (H(w*) " VARV
Definition: a snake is (¢, w, v, u, a) where

(1) c € H"(W™); (2) w € Z"(W™) with ¢ = [w];

(3) v € V" with p(v) = w; (8) u e Z"(U*) with i(u) = d(v);

(5) a = [u] € H™(U™).

Idea: v is a choice of p~*(c), ais a choice of i7*(d(v)) = i~ (d(p~*(c))).
Claim: for ¢ € H"(W™), there is a snake (c, w, v, u, a) starting with c.
Any two choices have the same a so we can define §(c¢) = a giving

§: HY(W™) — H™Y(U™).

Proof: By definition of H"(W™) there exists w as in (2). As p is surjective
there exists v as in (3). Now p(d(v)) = d(p(v)) =d(w) =

d(v) € ker(p) = img(i) so there exists u € U™ with i(v) = ( ). Also
i(d(u)) = d(i(u)) = d*(v) = 0 but i is injective so d(u) = 0 so u is as in
(4). We define a = [u] so (5) holds. Uniqueness is similar.

HIL(U"))



The Snake Lemma

v

Let U* 5 V* 2 W* be a SES of cochain complexes and chain maps
§: HY(W*) — H™(U*) with §(c) = a iff there is a snake (¢, w, v, u, )
ie. (1) c € H'(W™); (2) w € Z"(W™) with ¢ = [w];
(3) ve VT with p(v) =w; (4) u e Z"H(U*) with i(u) = d(v);
(5) a = [u] € H™(U™).
Claim: the following sequence is exact:
= HH W) S H(UT) B BNV S (W) S HT U
i.e. ikd =0, piix =0, dp. =0,
ker(iv) < img(d), ker(p.) < img(is), ker(d) <i (p ).
For ixd = 0: ix(d(c)) = ix([u]) = [i(u)] = [d(v )]
For puiv = 0: p.(ix([u])) = p«([i(u)]) = [p(i(0))] = [0] =0.
For 6p. = 0: if v € Z"(V*) then d(v) = 0 = i(0) so we have a snake
(p<(Iv]), p(v), v, 0,0).
For ker(i,) < img(d): suppose u € Z"(U*) with i([u]) = 0. Then
[i(u)] =0 so i(u) = d(v) for some v € V"1, Then
d(p(v)) = p(d(v)) = p(i(u)) = 0 so we have a snake
(Ip(V)]; p(V), v, u, [u]) giving [u] = &([p(V)]) € img(é).

The rest is similar.

The Mayer-Vietoris Sequence

Suppose U Iy X &V are inclusions of open sets with X = UU V.

Put A* = C*(X) and Cj.i(X) = A* /K™ where

K* = 1" N J* = ker(i*) Nker(j") = Cgg(X).

The short exact sequence K* — A* — A" /K™ gives an exact sequence
H"(K*) = H"(A") =

H"(X) = H(A*/K*) = Hwan(X) 2 H™ Y (K®)

Claim: H*(K*) = 0. Given this, the above gives H*(X) = Hx.u(X)

so we have the Mayer-Vietoris sequence as originally stated.

Why is H*(K*) = 0? First K® = 0 so H°(K*) = 0 and H*(K*) = Z*(K™).
Consider a path u: [0,1] = A' — X and let up, 1y be the first and second
halves. Define p: A? — A' by p(to, t1, t2) = (to + t1/2, t1/2 + t2).

If f € Z'(K*) then using (df)(u o p) = 0 we get f(u) = f(uo) + f(u1).
Repeat: f(u) is a sum of 2N terms, each f applied to a small piece of u.
Eventually all the pieces lie in U or in V, so f(u) = 0.

To prove H"(K*) = 0 in general, we need to subdivide A" into smaller
copies of A" and also define a map A"t! — A" analogous to p.

This can be done by explicit combinatorics or by a more abstract method
("acyclic models”).

The Mayer-Vietoris Sequence

>

|

Suppose U 1y X &V are inclusions of open sets with X = UU V.
SHX)={u: A" = X |u(A") C UNV}
So(X)={u: A" = X | u(A") C U,u(A")  V}
S3X) = {u: A" = X | u(A") Z U, u(A") C V}
S3X) = {u: A" = X | u(A") € U, u(B") &
Al = Map(snk,Z)

V} = {large n-simplices}

C*'(X)=A; x Al x A3 x A; =1 A"
C*(U) = A x A} = A /I where I* = A3 x A
cH(Vv) = *XA§:A*/J* where J* = A7 x A3
CUNV)=A=A"/(I"+J)
Coot(X) = AL X AL X A3 = A" /(1" 0 J7)

We have a short exact sequence

e
Comat(X) — [ ] —= C*(U) x C*(V)

giving a Mayer-Vietoris type sequence
— H"~YUnv) = X) = H(U)xH"(V) =

7 evunv)

H(UNV) = HML(X) — ...

small( small

Cohomology of spheres

|

|

Claim: For n > 0 there is an element u, € H"(S") such that

H*(S") = Z & Zu,.

For n = 0: the space S° = {1, —1} is discrete, so H"(S°) =0 for n £ 0
and H°(5%) = Map(S°,Z). We put up(1) = 01 and wp(—1) =1 so
H°(S°) = Z ® Zu,.

For n > 0, we put N =(0,...,0,
V=5"\{N}soS"=UUV.
For (x,t) € UNV = S"\ {N, =N} we have ||x|?> + t* = 1 with |t| < 1 so
x # 0; so we can define r: UNV — S"7 by r(x,t) = x/||x].

We also have §: H™}(UN V) — H"(S") and we put u, = §(r*(up—1)).
Stereographic projection: U ~ V ~ R" (contractible) so

H°(U) = H°(V) = Z but H"(U) = H"(V) = 0 otherwise.

i:S"' - UNV byi(x) =(x,0) has ri =1 and h: ir ~ 1 by

h(s, (x, t)) = (x,st)/|(x, st)||. Thus

H*(UNV)~ H ("N =2& Zup1.

1) €S"and U= 5"\ {-N} and



Cohomology of the circle

B

0 —— H(SY) —2— H%(U) x HY(V) —5— H°(S%)

[» HY(SY) ——— HY(U) x HY(V) ——— HY(S%) s

[» H?(8') ——— H*(U) x H*(V) ——— H*(5%)

[» H3(SY) ——— H3(U) x H3(V) ——— H3(S%) ——— ...

7 o Zx7 — "2 Z{1, uo}
j&
[» HY(SsY) 0 0,
[» H?(Sh) 0 0.
[» H3(SY) 0 0

> a(n) = (n,n) and B(p,q) = (g — p).1.

> It follows that H°(S') = Z and H'(S') = Zui and H"(S') = 0 otherwise,

Distinguishing spheres and euclidean spaces

We proved: H*(S") = Z & Zu, with u, € H"(S").

Thus: if n # m then H*(S") %2 H*(S™) as graded rings
so S" is not homotopy equivalent to S”.

Recall that R\ {0} is homotopy equivalent to S”.

Thus, if n # m then R™™ \ {0} is not homotopy equivalent to R™" \ {0}.
Also R°\ {0} =0,

so if p # g then R” \ {0} is not homotopy equivalent to R \ {0}.

Given a homeomorphism f: R — RY, we can define g(x) = f(x) — f(0)
with g7!(y) = f~*(y + £(0)); this gives another homeomorphism with
g(0) = 0. This in turn gives a homeomorphism R” \ {0} — R\ {0} so
p=q.

Conclusion: if p # g then R” is not homeomorphic to RY.

This is very easy to believe but very hard to prove without cohomology.

Cohomology of the sphere

00— HY(S?) —=— H(U) x H'(V) —2— Ho(SY) )

[» HY(S?) ——— HY(U) x HY(V) ——— H'(SY)

[» H?(S?) ——— H*(U) x H*(V) ——— H*(SY) 5

[» H3(S%) ——— H3(U) x H¥(V) ——— H3(SY) ——— ---

0 z S Zx1Z 2 z Yoo
L H'(S?) 0 Zuy )
[% H*(S?) 0 0 75
L H3(S?) 0 0

> a(n) = (n,n) and B(p,q) = (4 — p).1
> It follows that H°(S?) = Z and H*(S5%) = Zu, and H"(S?) = 0 otherwise,
as claimed.

The Brouwer fixed point theorem

» Lemma: if i: S"~! — B" is the inclusion then there is no continuous map
r:B"— S" lwithri=1:5"1 - §"1
> Proof: Cases n=0,1 (with S™* = () are easy so take n > 1.
» If ri =1 then the composite
Z=H"Ys") S H (B =0 S HT (S =7
is the identity, but that is impossible. [

» Theorem (Brouwer): if f: B" — B" is continuous, then there exists
x € B" with f(x) = x.

> Proof: suppose not. Then for each x we can draw a line from f(x) to x
and extend it until we hit the boundary at a point r(x) € S"7*.

> If x € S"! we just have r(x) = x.
One can check that r is continuous, so this contradicts the lemma. [J



Cohomology of X x Y

Suppose we have two spaces X and Y, and thus projections X <~ X x Y 5 Y.
Given a € H'(X) and b € H*(Y) we define ax b = p*(a)g*(b) € H(X x Y);
this is called the external product of a and b.

This construction gives a map p: H*(X) @ H*(Y) — H*(X x Y), with
u(a® b) =axb.

Here MN~NRM, (LOM)QN=(LON)®(MRN); Z& M=~ M,
(Z/V@M=M/M; Z"QZL" ~7Z""; Z/rRZJ/s~7Z/gcd(r,s)

The map p is an isomorphism if each group H"(X) is free and finitely

generated (this is a special case of the Kiinneth theorem).

Now consider the inclusions X — X II Y < Y and the resulting map
H*(XT1Y) = H*(X) x H*(Y), given by a — (i*(a),/*(a)). This is easily seen
to be an isomorphism.

Open subsets of R”

Example

Let U be the open ball of radius € > 0 around a point x € R”.  Then there is
a homeomorphism f: U — R":

y—x . NCETE
fly) = ———— fF2)=x+-+——F—"—->7—
W =1y e () 2zl

It follows that any open subspace of R" is an n-dimensional topological
manifold.
An interesting special case is

€Z

F.C :={z e C"| z # z when | # j}.

This can be viewed as an open subspace of C" ~ R>"; we will study its
cohomology later.

The definition of a manifold

Definition

A topological manifold of dimension n is a second countable, Hausdorff
topological space M such that each point x € M has an open neighbourhood
U C M such that U is homeomorphic to R".

The space on the left is a manifold of dimension 2; the one on the right is not.

Vector spaces

Convention

Many examples below will involve vector spaces. Everywhere in these notes,
vector spaces are assumed finite dimensional unless otherwise specified, and the
scalar field is R unless otherwise specified.

Example

Let V be a vector space of dimension n. There is a natural topology on V (the
smallest one for which all linear maps V — R are continuous) and with this
topology V is homeomorphic to R". Thus V is a topological manifold.



Example

Now suppose that V is equipped with an inner product, and define the sphere
S(V)as{xe V||x| =1}

For x € S(V) put Ux = {y € S(V) | {x,¥) >0} and Vi = {z | (x,z) = 0}.
Define f,: Vi — Uy by fi(z) = (x + z)/vV1 + 22.

X X+ z
Uy
f(2)
VX v Z

One can check that this is a homeomorphism, and also Vj is a vector space of
dimension n — 1 so it is homeomorphic to R"™!. It follows that S(V) is a
manifold of dimension n — 1. It is easy to see that it is compact.

Some projective varieties

Suppose that m < n. The Milnor hypersurface in CP™ x CP" is the space
m
Hm,n = {([2],[w]) € CP™ x CP" | Zz,-w,- = 0}.
i=0
Suppose that d > 2. The Fermat hypersurface of degree d in CP™ is

m

Xam={lz] €CP™| >z =0}.

i=0

Consider the space

C={lx:y:2] €CP?*|y’z=x(x — z)(x + 2)}.

This is an example of an elliptic curve. It is homeomorphic to the torus
St x St

Complex projective space

Let V have dimension m over C. Put PV = {lines in V}.

Define g: V* = V' \ {0} = PV by g(x) = [x] = Cx. This is surjective, and we
give PV the quotient topology. Claim: this makes PV a topological manifold.

Indeed, given a line L € PV choose W with V = L& W, and put

U={Me PV | MnNW =0}. Then U is an open neighbourhood of L in PV.
We can define f = fi w: Hom(L, W) — PV by

f(a) =graph(a: L= W)=(14+a)(L) < L+ W=V.

a(x) (1+a)(L)

One can check that this gives a homeomorphism from
Hom(L, W) ~ C"' ~R®*? to U, so U is a chart domain around L.
For V = C™1'. pv =CP™, [z0::zm] =C(20,...,2m)

Grassmannians and flag varieties

Let Gi(V) be the set of k-dimensional subspaces of V ~ C?.
(So PV = Gi(V).)
This is again a compact manifold, of dimension 2k(d — k).

Indeed, given A € Gk(V) we can choose a subspace B € Gy_(V) with

V = A® B. We find that the set U = {A’ € G«(V) | AN B =0} is an open
neighbourhood of A, and that we have a homeomorphism Hom(A, B) — U
given by « — graph(a) = (1 + a)(A).

A complete flag in V is a sequence of complex subspaces

0=Wy < Wi <...< Wy=V such that dim(Wj) = k for all k. The space of
complete flags is written Flag(V); it is again a compact manifold, of dimension
d’>—d.

A flag W in V = C? is bounded if W, < C**1 for all k. The set By of bounded
flags is a manifold of dimension 2d — 2. It is an example of a toric variety: there
is an action of the group (C*)?~! that is nearly free and nearly transitive.



Unitary groups

Let V be a complex vector space of dimension d.

Suppose we have a Hermitian inner product (so that (u,v) = (v, u) and
z{u,v) = (zu,v) = (u,Zv) when z € C and u,v € V).

Any endomorphism « of V has an adjoint of, with (a(u), v) = (u,af(v)). Put

U(V)={aeAut(V) | af = ™'} = the unitary group of V.
u(V) = {8 € End(V) | 8" = —p}.

After choosing an orthonormal basis for V, it is not hard to check that u(V)
is a real vector space of dimension d?.
Also, if B € u(V) we see that the eigenvalues of 3 are purely imaginary, so that
the maps 1+ 3/2 are invertible. For any a € U(V) we define
fo:u(V) — Aut(V) by

fa(B) = (1 + B/2)(1 — B/2) 'a.

One checks that this gives a homeomorphism of u(V) with a neighbourhood of
a in U(V). It follows that U(V) is a topological manifold.

Let j be an embedding of the solid torus S* x D? in R® C S3, whose image
K = j(S' x D?) is a knot.

If we remove the interior of K we get a space Xp with boundary

a(Xo) = 51 X 51.
This is the same as the boundary of X; = D? x S*.

We can thus glue Xp and Xi along their boundaries to get a new manifold
called X. This is the most basic example of surgery: making new manifolds
from old by cutting and gluing.

Lens spaces

Now consider C, = (w) < C*, where w = e2™/".
This acts by multiplication on S(V) ~ S(C9) ~ §*~!, so we can put
L=5(V)/Cn

Claim: L is a manifold of dimension 2d — 1.

To see this, let 7: S(V) — S(V)/C, be the projection map, and note that
ain(U) = ‘Z;Ol w"U; this implies that 7 is an open map.

Next put € = |w — 1|/2, and for v € S(V) put

Ne(v) ={w € S(V) | ||lv— w]| < €}. One checks easily that

lw*u — ul| > 2€||u|| and thus that 7: Ne(v) — S(V)/C, is injective.

It follows that 7: N¢(v) — wNe(v) is a homeomorphism and that the codomain
is open in S(V); this shows that S(V)/C, is a manifold.

We will see that H*(S(V)/C,) ~ Z/n. This is our first example where the
cohomology is not a free abelian group.

Cohomology of punctured euclidean space

> Consider a list a1, ..., a, of distinct points in R? (with d > 1) and put
M =R\ {a1,...,an}.

> Define fi: M — S9! by fi(x) = (x — a;)/||x — ai| and put
v, = £ (ug—1) € H1(M).

> As u?_, =0 and f* is a ring map we have v? = 0.

» Claim: we have H(M) = Z and H"}(M) = Z{w, ..., v,} and
H*(M) = 0 otherwise.

» For n=0 or n =1 we have seen this already.

> Forn>1,put A=R%\ {a1,...,a,—1} and B=R?\ {a,} so M=ANB
and AU B = V (contractible).

» We have a Mayer-Vietoris sequence
0=H"HV) = HHA) @ HY(B) — HITY (M) 2 HI(V) =0,

so H¥"H(M) ~ HY7Y(A) @ HY}(B) ~ HY Y (A) @ Z.v,.

» A bit more work with the same Mayer-Vietoris sequence proves the full
claim.

> In particular, v;v; = 0 for all i and j (because H**~2(M) = 0).



Cohomology of configuration space

» F,C={z€C" |z # zq for all p # q}.

> foq: F,C— S by _ﬁvq(z) = (24 — 2p) /|29 — 2pl; @pg = fpq(w1) € Hl(Fn(C)-

> Using h(t,z) = €™ fpq(z) we see that foq > fop and agy = apq.

» As f,q is a ring map and 2 =0 we get af,q =0.

> Define g: F3C — C x C* x (C\{0,1}) by g(2) = (20,21 — 20, 2=2).
This is a homeomorphism, with g7 (u, v, w) = (u, u + v, u + vw).

> Here H*(C) = Z, H*(C*) = Z[u]/u* and

H*(C\ {0,1}) = Z[v1, va]/ (VZ, viva, v2).

» Thus, Kiinneth gives H*(FC) = H*(C) @ H*(C*) @ H*(C\ {0,1}) =
Zlu, vo, vi]/ (13, vE, viva, V3) = Z{1, u, vo, v1, uvo, uvi }.

» One checks that ap1 = a10 = v and apx = ax = u + v and
alp = a»1 = u + vq. It follows that
ap1a12 + a2ax + axaon = u(u+wvi) + (u+wvi)(u+ v) + (v + w)u =
30 4 uvi + viu + uvyg + vou = 0.

» More generally, given distinct /,j, k we define q: F,C — F3C by
q(z) = (zi,zj,zc), so q*ap1 = aj; and g*a12 = ajx and ¢*ax = axi.

> By applying g* to our relation in H*(F3C) we get
ajajx + ajkaki + akiaij = 0 in H*(F,C).

» Thus all the claimed relations are valid in H*(F,C); we still need to check
that there are no additional generators or relations.

The Five Lemma

Lemma
Suppose we have a commutative diagram with exact rows:

A Cc ———~D-—=+FE

P B q
:\La Blz l’y :\LJ :\LE

A — B’ — ' —— D' — E’
p q r s

If a, B, § and € are isomorphisms, then so is .

Proof Suppose that ¢ € ker(y).

Then ér(c) = r'y(c) =0, but § is iso, so r(c) = 0.

By exactness ¢ = q(b) for some b € B.

Now ¢'B(b) = 7q(b) =(c) = 0.

By exactness 8(b) = p'(a’) for some a’ € A'.

Put a = a~1(s)) € A, s0 fp(a) = pa(a) = p/(a') = A(b)

As [ is iso, this gives p(a) = b.

We now have ¢ = q(b) = gp(a) = 0, proving that ~ is injective.
A similar type of argument proves surjectivity.

Fibre bundle cohomology

» Consider a continuous map p: E — B
with fibres F, = p~*{b} for b € B and inclusions i,: F, — E.

> Suppose we have a basis x1, ..., x, for H*(B),
and elements y1,...,ym € H*(E) such that
i (»1), ..., is(ym) is always a basis for H*(Fp).

> Expectation: p*(x1)y1, ..., P (Xn)ym should be a basis for H*(E).

> Ifp=(BxF pro, B) then this follows from the Kiinneth Theorem.

» More generally, it works for fibre bundles.

> Say U C X is even if (p}(U) & U) is like (U x F 2% V).

» Say p is a fibre bundle if B can be covered by even open sets.

> Define pu: A(U)" = @7, H*~¥!(U) — B(U)" = H*(p~*(U)) by
du(ar,...,am) = 32 p"(ai)yi.

» If U is even then ¢y is an isomorphism by Kiinneth.

» Claim: if U is even and ¢y is an isomorphism then so is ¢yuv.

» If B is compact then B = Uy U --- U U, with U; even and we conclude
that ¢g is an isomorphism.

» This also works if B is not compact, by a limit argument.

The induction step

ELB  y e H(E)  A(U) =@ H (L) 2% BXU) = H (p7(U)
For each b € B, the elements i} (y;) give a basis of H*(Fy).

» For open sets U, V C B we have Mayer-Vietoris sequences for (U, V) and
for (p~(U), p~1(V)) giving a diagram as follows:
Ak=1y x ak=ly 5 Ak=L(U N v) — Ak U V) — AkU x Akv —— AK(U N v)
¢ux¢vl bunv) suuv)| l‘buxd’v ouav
Bk—ly x Bk=lv — Bk=Lunv) — BKw U V) — BkU x BFv — BK(U N v)
» If ¢u, ¢v and ¢dunyv are isomorphisms, then so is ¢yuvy, by the Five
Lemma.
» Suppose U is even and ¢y is iso. Then UN V is also even so ¢y and
dunv are also iso, so ¢yuyv is iso.
» Thus: if B can be covered by finitely many even open sets, then ¢3 is iso.
» Remark: We have made the strong assumption that there are elements
yj € H*(E) giving a basis for each H"(F,). Without that assumption we
need to use the Serre Spectral Sequence H'(B; H(F)) = H'"(E) which
is much more complicated.



Application to configuration space

v

Define p: Frt1C — F,C by p(z0,...,25) = (20, ..., 2n—1).

One can check that this is a fibre bundle.

For z = (20,...,2:—1) € FaC we have p~*{z} ~ C\ {z,..., 201}
so H*(p~Hz}) = Z{1,vo, ..., va—1} = Z{1,i*(a0,n), - - -, i*(an—1,n)}-
Thus the fibre bundle theorem gives

H'(Fa:aC) = H'(F,C) & @)y H*(FC).ajn

From F3C ~ C x C* x (C\ {0,1}) we obtained

H*(F3C) = Z{1, ao1, a02, 312, 301 a02, 01212 } -

It follows that the following set is a basis for H*(F4C):

1 ao1 ao2 ai2 do14d02 dao1d12

d03 401403 d02d803 412403 d014024803 0148124803
d13 401413 402413 412413  d01402d13  d01d124813
d23 do1d23 02423 d12d23  dA01d02d23 014124823

In particular, H*(F4C) is generated as a ring by the elements ap,.

With a bit more pure algebra, we can also check that all relations follow
from the relations apq = agp, a,2,q =0 and apgagr + agram + amapg =0
mentioned previously.

Cohomology of Milnor hypersurfaces

v

v

Let CP™ &£ CP™ x CP" 35 CP" be the projection maps.
We have seen that H*(CP™) = Z[x]/x™ and H*(CP") = Z[x]/x"™.
Put y = p*(x) and z = g*(x) so Kiinneth gives

H*(CP™ x CP") = Zly,z]/(y™, 2" = Z{y'Z | i < m, j < n}.

Now suppose that m < n and put

M = Milnor hypersurface = {([z], [w]) € CP™ x CP" | 3_1, ziw; = 0}.
There are restricted projections CP™ £~ M 2 CP".

pl_'l{[z]} = P(V;), where V; ={w | >, ziw; = 0}, so

{Z | 0 < j < n— 1} gives a basis for H*(p; *{[z]}).

Fibre bundle theorem: {y'z/ | i < m, j < n— 1} is a basis for H*(M).

In particular z"~ is expressible in terms of 1,z,...,z" 2.
It turns out that
H (M) =Zly,2l/(y", 2" —yz" 2+ ... £ ")

=Z{y'Z |i<m, j<n}

Cohomology of complex projective space

|

CP" = {[z] | z € C""\ {0}}, where [z] = [Z] iff 2 € C*z.

> CP'~CU{oo} ~S?by [2: z1] — z0/z1,

vvyyvyy

v

so H*(CP') = Z{1,x} = Z[x]/x* with x € H*(CP?).

Claim: H*(CP") = Z[x]/x"™ with x € H*(CP").

Or: H*(CP") = Z.x* for 0 < k < n but H/(CP") = 0 otherwise.

Put U= {[z] € CP" | z, # 0} and V = {[z] € CP" | (2, .., 2za—1) # O}.
The map [z] = (z0,...,20-1)/2n gives U~ C" and UN V ~ C" \ {0}, so
H*(U) = Z and H*(UN V) = Z{1, t2n_1}.

We have V 5 CP"™' 2 V by r([z]) = [z, . .., z.—1] and

s([zo, ..., 2n-1]) = [20, ..., 2n—1,0]. Clearly rs =1, and using

h(t,[z]) = [z0, . .., Za—1, tzn] we get 1 ~ sr. Thus

H*(V) ~ H*(CP™™Y) = Z[x]/x".

For p > 0 we now have a Mayer-Vietoris sequence

HPH(CP™Y) K5 Hemt (827 & HP(CPY) s HP(CP™Y) KD (s
For most p the second and last terms are zero so H?(CP") ~ HP(CP"1).
In particular we have x € H*(CP") and H¥(CP") = Z.x) for 0 < j < n.
One exception is the case p = 2n when we get H*"(CP") = Z.5(u2n—1).

Different methods are needed to show that d(u2n—1) = £x", completing
the induction.

Cohomology of Fermat hypersurfaces

|

|

Fix d,n > 2 and put
M = Fermat hypersurface = {[z] € CP*" | Ziio z¢ =0},

Claim: there are elements x € H*(M) and y € H*"(M) with
H*(M) = Z{17X7 et 7Xn717y7xy7 A 7Xn71y} = Z[X’y]/(yQ’X" - dy)

Start of the proof: put w = e™/¢ and define j: CP"! LML cprt by
J([zo, -y zn—1]) = 20, .. ., Zo—1,w20, . .. ,wZn—1,0].
Also note that for [z] € M we have (z, ..., z2n—1) 7# 0 so can define

r: M — CP* by r([z0y ..., 220]) = [20, .- -, Z2n—1]-

This gives Z[x]/x2" ~+ H*(M) L Z[x]/x" with rj homotopic to the
inclusion CP"~! — CP?*'~! and so j*(r*(x)) = x.

A typical point [w] € CP?*"~! has preimage r*{[w]} C M of size d
(because a nonzero complex number has d different dth roots). From this
we can deduce by degree theory that x*"~ is divisible by d in H**~2(M).
Define f: CP*" — [0,1] by f([2]) = | >, 281/ 3, |28], so M = f~1{0}.
We can try to deform CP>" onto M by moving in the direction of steepest
decrease of f. This fails because of stationary points, but the failure is
controlled by Morse theory, which gives homological information.



Cohomology of flag spaces
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Recall that Flag(V) is the space of all lists (W, ..., W4) where
0=Wo< Wi <...< W=V with dimc(W,) = i.

We can define p;: Flag(V) — PV by pi(W) = W; & W;_1 (the orthogonal
complement of Wi_; in W;). This gives x; = p; (x) € H*(Flag(V)).

Let sx be the k'th elementary symmtric polynomial, i.e. the sum of all
terms like x; - - - x; with iy < --- < iy, or the coefficient of =% in

[T,(¢ + x).

We will show later that H*(Flag(V)) = Z[x, ..., xd]/(s1,- . ., S4).

Let B be the set of monomials xl"1 .. .xgd with 0 < n; < i for all i; then B

is a basis for H*(Flag(V)).

To prove these statements, we will need to generalise them, to give
statements that can be proved inductively using the fibre bundle theorem.

Collapse and excision

>

For closed Y C X we let X/Y be the quotient space where Y is collapsed
to a single point, taken as the basepoint.

st s? s?/s
The collapse p: X — X/Y induces p*: H*(X/Y) = H*(X,Y),

which is usually iso (when Y is closed).

This works for submanifolds of manifolds, subcomplexes of simplicial
complexes, subsets of R" defined by polynomial inequalities.

It can fail if X has an infinite amount of topological structure arbitrarily
close to Y as with fractals.

Keywords: excision and neighbourhood deformation retract.

If U C X is open we can often find Y C U with Y closed in X such that
Y — U is a homotopy equivalence; _

then H*(X, U) = H*(X, Y), which is usually H*(X/Y).

Example: H"}(R",R"\ {0}) = H"(B",B"\ {0}) = H"(B",5"!) =
H"(B"/S"') = H"(S") = Z.

Relative and reduced cohomology
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Cohomology of the unitary group
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For Y C X put C*(X,Y) = ker(i*: C*(X) = C*(Y)) and
H*(X,Y) = H*"(C*(X,Y)) (relative cohomology).
This is a nonunital ring and a module over H*(X).

The short exact sequence C*(X,Y) — C*(X) — C*(Y) gives a long
exact sequence

H YY) S HAX, Y) S HA(X) S HA(Y) S HAYY(X Y).

H*(R",R"\ {0}) = H*(B",5""') = Z.v, where v, = §(up—1) € H".
The maps ¢ and 6 are H*(X)-linear (with *-signs).
If X has a specified basepoint * € X we put Ek(X) = CK(X,{#}) and
K .
AA00 = A (e = 0O k>0
{u:m(X) > Z|u(x)=0} ifk=0

H*(R"\ {0}) = H*(5""Y) = Z.up 1.

Claim: H*(U(n)) is freely generated by elements
ak—1 € H*71(U(n)) for 1 < k < n with a2 = 0.
H*(U(3)) = E[a1, as, as] = Z{1, a1, a3, as, a1a3, 3135, 2335, 313335 }
U(1) = S* and U(2) = S* x S® by (a, b, c) v [:’Z _ﬂ.
For n > 2 the spaces U(n) and P(n) = [];_, S**' have isomorphic
cohomology rings but are not homotopy equivalent.

Define U(n) & U(n+ 1) £ S>™1 by

i(A) = { Q (1) ] p(B) = B.ent1 = last column of B.

p Hen1} = i(U(n)), and p~*{u} = B.i(U(n)) for any B with

B.eqi1 = u;

so p is a fibre bundle projection.

If we knew that H*(U(n)) = EJai, ..., a2n—1] and that there were
elements axc_1 € H2k71(U(n + 1)) for k < n with I.*(azkfl) = ayk_1 then
we could put azn—1 = p*(t2n—1) and the fibre bundle theorem would give
H*(U(n + 1)) = E[al, Ceey azn+1].



The complex reflection map
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For z€ S' and L € CP" we put r(z,L) =21, @ 1,1 on L@ L+ =C"™
or r(z,[u]).v=v+(z—1)v,uv)u/{u,u) € v+ L.

This gives a continuous map r: S* x CP" — U(n +1).

We also put r(z, L, A) = r(z, L).A giving r: S' x CP" x U(n) — U(n+1).
We will see that this is “almost a homeomorphism” .

Put Y = (S' x CP" YU ({1} x CP") C S* x CP".

For z =1 we have p(r(1,L)) = r(1, L).ent1 = eny1 always. For z # 1 we
have p(r(z, L)) = en1 iff r(z,L).€ny1 = eny1 iff €01 € LT iff L € CP".
Also, for A € U(n) we have A.epi1 = ent1 so p(r(z, L, A)) = p(r(z,L)).
Conclusion: p(r(z, L, A)) = ent1 iff (z,L,A) € Y x U(n).

Now consider w € S*™™ \ {e} where e = en+1.

Put z=(w,w —e)/(e,w —e) and L = C.(w — e).

Calculation gives (z,L) € (S* x CP")\ Y and r{w} = {(z, L)}.

Using this: r induces a homeomorphism

Q = (S' x CP™ x U(n))/(Y x U(n)) — U(n+1)/U(n).

Thus: a long exact sequence relates H*(U(n)), H*(U(n + 1)) and H*(Q).

We will see that H*(Q) = 0 for k < 2n+1, so
H*(U(n + 1)) = H*(U(n)) for k < 2n.

Hopf algebras

»
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Define U(n)*> £ U(n) <~ 1 by u(A, B) = AB and n(1) = I.

These make U(n) a Lie group.

Putting A* = H*(U(n)) = E[a1, a3, . .., a2n—1] we get ring maps

A* ®A* P=p A* €=1 Z

The associativity law says that u(u x 1) = (1 x u): U(V)® = U(V),
and this implies that (¢ ® 1)y = (1 ® )y : A" — (A*)®3.

The unit laws imply that (e ® 1) = 1= (1 ®€)h: A* — A",

A* e®1 A* ®A* 1®e A* A* P A* ®A*

Sl A J [

AQA" — > A QA" R A"

1@y
A structure like this is called a Hopf algebra.
We say that x € A" is primitive if ¢(x) =0 and Y(x) =x®1+1Q® x.
For A* = H*(U(n)) = Ela, ..., axn—1], the ring A" @ A" is
E[bl7 ey b2n71, Cly.wny C2n71] where bz,‘fl = 78(32:'—1)7 Ci—1 — 7rf(a2,-,1).
Claim: apj_1 is primitive, i.e.

pw*(az2i—1) = g (a2i—1) + 71 (@2i—1) = boic1 + @2i-1.

Because p* is a ring map, this determines ™ on all elements.

Cohomology of the unitary group

Recall Y = (§* x CP" 1)U ({1} x CP") Cc X = S* x CP".

Now X\ Y = (§'\ {1}) x (CP"\ CP" 1)

and S'\ {1} ~ R (stereographically)

and CP"\CP" ' ~C"~R*> (by [20:...:2:] = (20,...,20-1)/2a).
Now X \ Y ~R** and X/Y ~ (X \ Y)U{oo} ~ R*"1 U {co0} ~ 52+,
This gives @ = (X x U(n))/(Y x U(n)) = (S*** x U(n))/({*} x U(n))
so H*(Q) = H*(S*™! x U(n), {*} x U(n)).

Kiinneth gives H*(S*™ x U(n)) = H*(U(n)) @ H*(U(n)).u2n41.

The LES for relative cohomology then gives

A7 (Q) = H*(S*™ x U(n), {+} x U(n)) = H* (U(n))-tzns1.

But also Q ~ U(n+1)/U(n) so H*(U(n+ 1), U(n)) ~ H*(U(n)).u2n+1.
For i < 2n we have H(U(n+ 1), U(n)) = H(U(n+ 1), U(n)) = 0 so
H'(U(n+ 1)) ~ H'(U(n)).

Thus, for k < n there is a unique a1 € H*~1(U(n+ 1)) that maps to
a—1 € H*~1(U(n)). We also put az,s1 = p*(t2n11) € H* " (U(n +1)).

The restriction i*: H*(U(n+ 1)) — H*(U(n)) is a ring map that hits all
the generators, so it is surjective. Thus 6 = 0 in the LES.

We can now conclude that H*(U(n+ 1)) = EJay, ..., a2n+1]-

Proof of primitivity

|

Claim: the map ¢ = u*: Ela1,...,a2n-1] = E[b1, ..., bon—1,1,. .., C2n-1]
sends ai—1 to byi—1 + Ci—1.

Put w1 = ¢(82;_1) — boi_1 — cpi—1; we must show that wy;_; = 0.

From the counit laws (e ® 1)¢ = (1 ® €)v = 1 we see that

ti—1 € 1" @ I" where I" = ker(e) = H*(U(n)).

The inclusion j: U(n—1) — U(n) is a group homomorphism with
H*(U(n — 1)) = A*/a2,—1; this gives a diagram

A" Jazn—1 — (A" ® A")/(b2n-1, C2n—1)-
For i < n we assume inductively that j*(azi—1) is primitive; also
j*(32n71) =0is primitive. So w1 € J* = (b2n71, C2,,71) for i <n.
For i < n we have J71 =0 so w_1 = 0.

For i = n we have J"! = Z{bon—1,c2n—1} but I ® I" is generated by all
products byp—1¢2g—1 50 (I* @ I*) N J* is zero in degree 2n — 1.
Thus up,—1 is zero as well.



Vector bundles
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A vector bundle over a space X is a collection of finite-dimensional vector
spaces V for each x € X, "varying continuously”.

There must be a given topology on the total space
EV = {(x,v) | x € X, v € Vi} such that p: (x, v) — x is continuous.

Say U C X is even if there is a homeomorphism p~*(U) ~ R? x U
compatible with projection and vector space structure.

We require that X can be covered by even open sets.

We usually assume that X is compact.

It is harmless to assume that there are continuously varying inner products.
Example: for z € S* put V, = {w € C | w? € Ry z} so

Vexp(io) = R.exp(i6/2). This is a vector bundle, and EV is a Mdbius strip.
The tangent bundle of S" is T,S" = {v € R™ | (x,v) = 0}.

The tautological bundle over CP" is T, = L, so

ET ={(v,L)|velL, L<C™ dim(L)=1}.

The image bundle over P = {A € M,(C) | A> = A} is

Wi = img(A) = ker(I — A).

Many interesting spaces can be described in terms of vector bundles.

Orientations and Thom classes

|

|
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For a vector space V =~ RY, let Or(V) be the set of generators of the
group H¥(V,V*) ~ Z (so | Or(V)| = 2).

If V is a complex vector space, there is a canonical orientation
(because GL,(C) is connected).

If V is a d-dimensional vector bundle over X, the set
Or(X) ={(x,u) | xe X, ue Or(Vi)}
has a natural topology as a double cover of X.

An orientation of V is a continuous choice of u, € Or(V) for each x € X.

The Mobius bundle has no orientation;
but any complex bundle has a canonical orientation.

A Thom class for V is an element u € HY(EV, EV*) such that
ir(u) € HY(Vx, ViX) is a generator for all x € X.

Theorem (Thom): there is a natural bijection from Thom classes to
orientations. Moreover, if u is a Thom class then multiplication by u gives
an isomorphism H*(X) — H*"¥(EV, EV>*) ~ H*"4(XY).

The proof is like the fibre bundle theorem. If Uy, U; are open in X, and
the claim holds for Uy, and U, is even, then the claim holds for Uy U U; by
a Mayer-Vietoris sequence. The claim therefore holds for finite unions of
even sets, and thus for compact subsets of X.

>
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If V is a d-dimensional vector bundle over a compact space X we define
the Thom space X" as EV U {co}.

We will prove the Thom Isomorphism Theorem:
if V is oriented then H*(XY) ~ H*=9(X).
Many calculations can be deduced from this.

Recall the M&bius bundle Ve (i) = R. exp(if/2) over S*. Define

f: EV — RP? = (R*\ {0})/R* by f(e”, te’/?) = [cos(/2),sin(6/2), t].
With f(oco) = [0,0, 1] this gives (S')¥ ~ RP?.

Recall the tautological bundle T over CP" with T; = L.

One can check that there is a well-defined f: ET — CP"™! given by
f(v,Cu) = C.(u,(u, v)).

With f(oco) = C.eny1 this gives (CP")T ~ CP"L,

After choosing inner products we can put

B(V) ={(x,v) € EV [ [[x| <1} and 5(V) = {(x,v) € EV | [|x|| = 1}
and EV* = {(x,v) € EV | v # 0}

Recall that RY U {oo} ~ ¢ ~ B?/S971.

By doing this in each fibre we get XV ~ B(V)/S(V).

This gives H*(XY) = H*(B(V), S(V)) = H*(EV, EV*).

The Euler class
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Let V be an oLiented n-dimensional vector bundle over X, with Thom
class u(V) € H"(XY).

Define i: X — X by i(x) =0 € V, c X".

Put e(V) = i*(u(V)) € H"(X). This is called the Euler class of V.

If EV =R x X then i is homotopic to the constant map at oo and so
e(V)=0.

In general one can show that e(U & W) = e(U)e(W).

Soif V~R® W then e(V) =0.

A section of V is a continuous map s: X — EV with s(x) € V for all x.
If s is a section with s(x) # 0 for all x then we can put Ux = R.s(x) and
W, = Uf to get e(V) = 0.

By contrapositive: if e(V) # 0 then every section of V must vanish
somewhere.

Later we will see other characteristic classes giving invariants in H*(X) of
vector bundles over X; these help to classify vector bundles up to
isomorphism.



The Gysin sequence
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Let V be an oriented n-dimensional vector bundle over X, with Euler class
e(V) € H'(X).
The pair (BV, SV) has a long exact sequence:

.= HYBV,SV) % HY(BV) & HX(SV) & H*"Y(BV,SV) = ...

Here H*(BV, SV) = H*(BV/SV) = H¥(X") = H*="(X).u(V).

The projection p: BV — X is a homotopy equivalence, with inverse given
by the zero section X — BV; so H*(BV) = H*(X).

This identifies & with the map i* so a(a) = a.e(V).

We now have an exact sequence as follows, called the Gysin sequence.

S HY(SV) = H(X) 2 gk x) B HE SV S HE (X)) L

Example: for the tautological bundle T over CP" we have ST =

{(v,D|lve L<C" |v|] =1} = {(v,Cv)|v € C",||v| = 1} ~ S§*"*,
Also e(T) = x and H*ST is mostly zero so xx: H*2CP" — H*CP" is
usually iso. Now we can complete the proof that H*(CP") ~ Z[x]/x™*.

Partitions of unity

v

Let X be a compact Hausdorff space with an open cover U = (U;)ie;.
For ¢: X — [0, 00) we put supp(¢) = ¢—1((0, 00)).

A partition of unity subordinate to U is a list ¢1,...,¢n: X — [0, 1] with
>_; i = 1 such that for each j there exists i with supp(¢;) C U;.
Lemma: there always exists a partition of unity.

Proof: For each x choose i with x € U;.

By standard general topology and Urysohn's Lemma: we can choose
Py X = [0, 1] with ¥(x) = 1 and supp(yx) C U;.

The open sets V, = ¢ ((0,00)) cover the compact space X, so we can
choose x1, ..., x» with J_; Vi, = X.

Now put ¢ = 377, 4y, s0 1 > 0 everywhere. Put ¢; = ¢y /4. [
Example: let V be a vector bundle over X, and let U be the family of

even open sets, i.e. those over which EV looks like RY x U.
Then there are maps ¢1,...,¢,: X — [0,1] and even open sets Uy, ..., U,

with >~ ¢; =1 and supp(¢;) C U;.
By adjusting the argument slightly we can assume that there are even
open sets U; with U; C U].

Classifying vector bundles

Vect(X) = {iso classes of k-dimensional vector bundles over X}
Vect(X) is a semiring with [U] + [V] = [U@® V], [U][V] = [U ® V]

This is commutative but there are no additive inverses.

Theorem: there are spaces G with Vect,(X) ~ [X, G] for all compact X.
Put P = R[t] and P, = {f € P | deg(f) < m}. Put

Gim = {V < Pp | dim(V) = k} and

G ={V <P | dim(V) =k} =U,, Gkm.

Define 0xm :Ekm = {injective linear a: R¥ — Pm}— Gim by 0(a) = a(Rk).
Declare that U C Gy is open iff 6,,-(U) is open for all k and m.

Define a tautological bundle T over Gx by ET = {(v, V) | v € V € Gk}.
For any f: X — Y and any W over Y, define f*(W)x = W) so
E(FW)={(x,w) e X x EW | f(x) = m(w)}.

We now have ¢o: Map(X, Gk) — Vecti(X) by ¢o(f) = [f*(T)].

Claim: every V over X is isomorphic to f*(T) for some f, and

' (T) =~ f°(T) iff fy and f; are homotopic.

Extension of sections

Let Y be a closed subset of a compact Hausdorff space X.

Tietze's Theorem: any continuous map Y — R can be extended to a
continuous map X — R.

Let V be a vector bundle over X. A section of V over Y is a continuous
map s: Y — EV with n(s(y)) =y (i.e. s(y) € V,) for all y.

Theorem: any section s over Y can be extended over X.

Proof: first suppose that V is constant, so EV = R? x X and sections
over Y are just maps Y — RY. This case is immediate from Tietze's
theorem.

More generally, choose ¢;, U;, U; where supp(¢;) C U; C U; C U and V
is constant over U;. By the previous case we can choose s; over U;
extending s|mﬁj.

Define t; to be ¢;s; on U;, and 0 outside U;. As supp(¢;) C U; this
definition is consistent and gives a continuous section.

Define a section t =} t; over X; as >, ¢ = 1 this extends s. [

Application: A morphism «: V — W is the same as a section of the
bundle Hom(V, W), = Hom( V4, Wx). Thus, if we have a morphism
defined only over Y, we can extend it to get a morphism defined over X.



The isomorphism locus is open, and homotopy invariance

Let a: V — W be a morphism of d-dimensional vector bundles over X,
and put A= {x | ax: Vik = Wi isiso }.
Claim: A is open.
First suppose that V and W are constant, so EV = EW = R? x X.
Then « is essentially a continuous map X — Hom(R9, RY) = My(R),
and A = {x | det(ax) # 0}, which is open.
In general, for any x € X we can choose an open neighbourhood U on
which V and W are constant. The previous case then shows that AN U is
open. As this works for all x we see that A is open.
Corollary: if fo ~ f; via h: [0,1] x X — Y then fy"(W) ~ f*(W).
For a € [0, 1] define (V;)x = Wh(a x); we must show that Vo ~ V;.
Write a ~ b if V, >~ V,,. If the equivalence classes are open, connectedness
of [0, 1] implies that 0 ~ 1.
Define U, U" over [0,1] x X by Ut,) = Wit xy and Uf; ) = Wiax)-
The identity gives an isomorphism a: U — U’ over {a} x X.
By the section extension lemma, this can be extended to a
homomorphism a: U — U’ over all of [0, 1] x X.
The invertibility locus of « is open and contains {a} x X.
As X is compact it contains some (a —€,a+¢€) X X,
so the equivalence class of a contains (a —¢,a+¢€). [

Isomorphism implies homotopy

Suppose fo, fi: X — G4 with f°(T) ~ £*(T). Claim: f ~ fi.

Proof: As X is compact, so is fo(X) U fi(X). It follows (by a lemma) that
fo(X) U fi(X) C Gan for some N, ie. fi(x) < Py C P =RJt].

By assumption we have isomorphisms

a(x): (fy" T)x = fo(x) = (A" T)x = fi(x) for all x.

For s € [0,1] and x € X define B(s, x): fo(x) — Pan = Py @ t" Py by
B(s,%)(v) = (1 — s)v + sta(x)(v).

This is injective so we can define h(s, x) = 3(s, x)(f(x)) € Gx.

This gives a homotopy from % to t"f.

We can also define y(s, x): t"fi(x) — Pan by

(s, x)(t"v) = sv + (1 — s)t"v, and then k(s,x) = (s, x)(t"i(x)) € Gx.
This gives a homotopy from t"f to ;. [

Homotopy invariance means we can define ¢: [X, Gi] — Vect«(X) by
o([f]) = [F*(T)]. Global generation allowed us to prove that ¢ is
surjective. This slide shows that ¢ is injective. We therefore have a
natural bijection ¢: [X, Gx] — Vecti(X).

There is a similar result for complex vector bundles and the space of
k-dimensional complex subspaces of C[t].

Global generation
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Let V be a d-dimensional vector bundle over X. Claim: for some N there
is a map a: RY x X — EV that is a linear surjection on each fibre.

Proof: as before we can find open sets Ui, ..., Uy, Ui, ..., U, with
X=U1U---UU,and U; C U/ and U/ is even.

As U/ is even and contains U;, we can choose an isomorphism

ai: RY — V over U;, and then extend it to get a homomorphism

a;: RY — V over all of X.

Now define a: R — V by a(u, ..., un) = >, ci(u).

Over U; we know that «; is iso so « is surjective.

As X = J; U; it follows that « is surjective everywhere. [J

Corollary: there is a map f: X — Gy with V ~ f*(T).

Proof: Choose « as before, so ax: Py = RY — V, is a linear surjection.
It follows that dim(ker(ax)) = N — d and dim(ker(ax)*) = d, so we can
define f: X — Gan C Gy by f(x) = ker(ax)™*

It is easy to see that ay restricts to give an isomorphism

(F(T))x = ker(ax)™ — Vi, so F*(T) ~ V. O

Classifying line bundles

v

From now on everything is over C by default.

Pic(X) = Vect1(X) = [X, G1] = [X,CP*>]

This is a group with [L][M] = [L ® M] and 1 = [C] and

[L]7* = [L*] = [Hom(L, C)] (because L ® L* ~ C).

Recall G; = CP*™ = {L < C[t] | dim(L) = 1}.

Multiplication p: C[t] x C[t] — CJ[t] induces u: CP>™ x CP* — CP*
and then p: [X,CP%°] x [X,CP*] — [X,CP].

This is the same product operation as before.

We have seen that H*(CP") = Z[x]/x"** with x = e(T).

It is also true that H*(CP°) = Z[x] with x = e(T).

For a line bundle L over X we have e(L) € H*(X). If L ~ f*(T) for some
f: X — CP* then e(L) = e(f*(T)) = *(e(T)) = f*(x).

Note that *(x) € H*(CP™® x CP*®) = Z{x ® 1,1 ® x} and p*(x)
restricts to x on CP*™ x {1} or {1} x CP*°.

From this: pu*(x) =x® 1+ 1® x, and then e(L® M) = e(L) + e(M).

We now have a group homomorphism e: Pic(X) — H*(X).
It can be shown that this is an isomorphism.



Cohomology of projective bundles
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Let V be a complex vector bundle of dimension d over X.
Define PV = {(a,L) |a€ X, L < V,, dim(L) =1} =TT, P(V.).
This has a natural topology making it a fibre bundle over X,
with fibres P(V,) homeomorphic to CP?™*.

Define a tautological bundle T over PV by T, ;) = L or

ET ={(a,L,v)|ae X, L<V,, dim(L) =1, v € V,}.

This gives an element e(T) € H*(PV) which we also call x.

Put B =(1,x,...,x%7%).

For a € X we have i,: P(V,) — PV with i;(T) = T and

i7(x) = x € H*(P(V4)) so i} (B) is a basis for H*(P(V5)).

By the fibre bundle theorem: B is a basis for H*(PV) over H*(X).
Although —x? maps to zero on each fibre, it does not follow that —x¢ = 0.
Instead: we can express —x? in terms of B, so there are unique elements
ci(V) € H¥(X) with x? + ci(V)x?  + - + ca—1(V)x + ca(V) = 0.
We put (V) =1 and fy(t) = 27:0 ci(V)t?~" so fiy(x) = 0 and
H*(PV) ~ H*(X)[t]/fv(t).

The ¢i(V) are Chern classes and fy(t) is the Chern polynomial.

Relations for flag manifolds
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Recall that Flag(C") is the space of flags

W=W <W < < W, =C") with dim(W;) = i.

We have a line bundle L; over Flag(C") with (Lj)w = W;/W;_1. This gives
elements x; = e(L;) € H*(Flag(C")) for i = 1,...,n, with f,,(t) = t — x:.
If we put V =@, L; we get fy(t) =[];,(t — xi), so cx(V) = xo«, where
ok is the k'th elementary symmetric function of the variables x;.

The inner product gives a splitting C" = W, ~ @7, (W;/W,_1) so

V =@, Li ~ C" as bundles so fy(t) = t".

It follows that ox =0 for 1 < k < n.

In fact H*(Flag(C")) = Z[xa, . ..
Example: H* Flag(C®) = Z[x,y, z]/(x + y + z, xy + xz + yz, xyz).

,%n]/(01,...,0n); to be proved later.

First relation gives z = —x — y; substitute in other relations to get
X +xy+y* =0, X2y +xy2=0.
Second relation now gives y? = —x? — xy; substitute in third to get x> = 0.

Now H* = Z[x,y,z]/(x* = 0,y* = —x* = xz,z = —x — y0) =
Z{15X7Xa7.y7 Xy’ X2-y}'

Chern classes of sums
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Consider complex vector spaces V, W.

Suppose that L < V @ W is one-dimensional and L £ W.

The projection w: V & W — V gives an isomorphism L — 7(L).
Composing the inverse with 7': V & W — W gives a: w(L) — W.

From this we get P(V & W)\ P(W) ~ E(Hom(T, W)) and

P(V & W)/P(W) = P(V)Hem(T W)

This also works for vector bundles and projective bundles.

This gives an LES relating H*(P(V @ W)) and H*(P(W)) and
H*(P(V)Pom(T- W)y~ e=2dim(W)(p(V/)); similarly with V, W exchanged.
Here H*(P(V & W)) = H*(X)[t]/fvaw(t); similarly for P(V) and P(W).
From this we can prove fygw(t) = fv(t)fw(t).

Equivalently c(V & W) =32, ci(V)g(W).

If dim(V) = d then cys(V) = (=1)9e(V);

so for line bundles c1(L) = —e(L) = e(L*) and f.(t) =t — e(L).

Soif Ve Li®---® Ly then fiy(t) =[,(t — e(Li)).

So if V is the constant bundle C? then fy(t) = t¢, (V) =0 for k > 0.

Milnor hypersurfaces revisited
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Recall that for m < n we defined

Hm,n = {([z], [w]) € CP" x CP" | 3>, ziw; = 0}.

This has projections CP™ <& Hpm,n 2 CP" and we put

y =p"(x), 2= q"(x) € H*(Hp.n).

Define a bundle V over CP™ by W,; = {w € C""" | 37 zw; = 0}.
Then Hyn = PV and so

H*(Hm,n) = H*(CP"){z' | 0 < j < n} = Zly, 2]/(y™"", fu(2)).

For L € CP™ we define o, : C" — L* by a(w)(v) = 37, wivi. This
gives a surjective map a: C" — T of vector bundles with ker(a) = V.
Using the inner product we get T* @ V ~ C™! so

(¢4 Y)fu(t) = Fr()fu () = Foma(£) = "L in

H*(CP™)[t] = Zly, t]/y™*.

By long division we get fy(t) = t" — )'/t"fl J'ry2t"72 — ey,
Thus in H*(Hm,n) we have >°7 (—1)'y'z"™" = fv(z) = 0.



Cohomology of Lens spaces
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Put w = e*/" and C, = (w) < C* so C acts by multiplication on
S(CT) = §29TL, Put M = S$**1/C, (a Lens space).

Let T = tautological bundle over CP?, so e(T) = x and e(T®") = nx.

Define ¢: S>*™ — S(T®") = {(L,v) | L€ CP? v € L®", ||v|] =1} by
#(u) = (Cu, u®").

Then ¢ is surjective and ¢(u) = ¢(v') iff v’ = w*u for some k.

Thus ¢ induces a homeomorphism M = §2#™1/C, — S(T").

This gives a Gysin sequence

H*"2(CP?) X% HY(CPY) — HX(M) 2 HK1(CPY) X2 H1(CPY).

This gives a short exact sequence

Z[x]/(x*™, nx) = H*(CP?)/nx — H*(M) — ann(nx, H*(CP?)) = Z.x¢
This gives H*(M) = Z[x]/(x"*!, nx) ® Zv with |v| = 2d + 1 = dim(M).
Example: For d = 4 we have

H* (M) = (2,0, (Z/n)x,0, (Z/n)x*,0, (Z/n)x*,0, (Z/n)x*, 20,0, ... ).

Ring structure of cohomology of flag bundles

Flag,(V) = PV, so H*(Flag,(V)) = H*(X)[x1]/fv(x1).

As fy(x1) = 0, we have fy(t) = (t — x1)g1(t) for some monic

gi(t) € H*(Flag,(V))[t] of degree d — 1.

As Ug =V = L1 @ U; we have f\/(l’) = (t — Xl)ful(t) SO gl(t) = ful(t).
As Flag,(V) = P(U1) we have H*(Flag,(V)) = H*(Flag,(V))[x2]/fu, (x2).
This is also H*(X)[x1, x2]/(go(x1), g1(x2)),

where go(t) = fv(t) and gi(t) = fv(t)/(t — x1).

In general H*(Flag,(V)) = H*(X)[x, ..., xk]/(gi—1(xi) | 1 < i < k)
where go(t) = fv(t) and gi(t) = gi—1(t)/(t — xi).

Or: put A= H*(X)[x1,...,x] and h(t) = T](t — x;) € A[t].

By long division: f/(t) = h(t)q(t) + r(t) with deg(r(t)) < k.

Now r(t) = mg + mit +--- + my_1t“"1 with m; € A,

and H*(Flag,(V)) = A/(mo, ..., mk_1),

so fu(t) = h(t)q(t) in H*(Flag,(V))[t].

Cohomology of flag bundles

v

Let V be a d-dimensional complex vector bundle over X.

Put Flag, (V) = {(x, Wo < WL < --- < Wk < V) | dim(W;) = i}.
Over Flag, (V) we have line bundles Ly, ..., Lx with fibres

(L) x,w) = Wi/Wi_1 and also a vector bundle Uy with

(Uk)(x,w) = Vie/ Wh.

We put x; = e(L;) € H*(Flag,(V)).

Note that Ly @ -+ @ Lx ® Uy ~ 7" (V) so

fu(t) = fu, (£) [T, (t — ) in H" (Flag, (V))[¢].

A point of P(Ux—1) consists of a point

(x, W) = (x,Wp < --- < Wi_1) € Flag,_,(V) together with a
one-dimensional subspace M < (Uk—1)x,w) = Vi/Wi—1.

This must have the form M = W, /W,_; for a unique Wi with
Wi—1 < Wi < Vi and dim(Wy) = k. Thus Flag, (V) = P(Uk-1).
By the Projective Bundle Theorem:

H*(Flag,(V)) = H*(Flag,_,(V)){xk |0 < i < d —k}.

By induction: monomials X1f1 .- -x,ik with0<i,<d-t

give a basis for H*(Flag,(V)) over H*(X).

In particular: these monomials give a basis for H*(Flag, (C?)) over Z.



